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The finite element method (FEM) is an approximate method
which can be used as a numerical procedure to solve physical
problems including:

- solid body mechanics,
- heat transfer,

- fluid flow,

- electromagnetism,

- coupled field problems

FEM was developed in 1950s to solve problems for the civil and
aeronautical industries. The method become the most powerful
analysis tool, mainly due to the development of computers.




The aim of the lecture is to supply basic knowledge and skills
required for understanding and application of the FEM to solve
boundary value problems for partial differential equations (PDEs).
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Errors

total error = modelling error + discretization error + numerical error

modelling error = discretization error ~ numerical error — min
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Example. Wooden board loaded by gravity

z m
Zy 1 gravity g (33) density p (~2)
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solid 7 /5 mass force: pg (ﬁ)
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Example. Wooden board loaded by gravity

Discrete model

EXACT SOLUTION OF A MATHEMATICAL MODEL

SOLUTION OF A DISCRETE MODEL

=

discretization density




FE modeling — basic steps

Mathematical model

| Preprocessor
| geometry, element types, material properties, approximation, discretization

| Solution
| analysis type, boundary conditions, solver, content of a result file

numerical calculations

NUMERICAL RESULT

| Postprocessor
| numbers, graphs, contour maps, animations




Boundary value problem of solid body mechanics

FE model

boundary I;, (u = u,)

surface load EIXQJ = [px, Py PzJ NOE —no. of FEs
NON - no. of nodes

NOE
) = .Qe and.()l-.n_.Qj=O
5 | LF]
}. boundary I,
X"y
boundary I

domain (2

1x3

mass forces | X|=|X,Y,Z]|=p [ax, ay, aZJ
|

accelerations

: UNKNOWN FUNCTION u(x,y,2)) |
" displacement vector {u} ={ v(x,y,2) }
: > w(x,y,z))




Nodal approximation inside the finite element with n - nodes

displacement vector {u} = [N(&,n,{)]{q}e E

3x1 3Xn, nex1

_______________________________________________

[N(¢,1n,0)] — matrix of shape funtions
3Xn,
Ne =N - Ny,
n, — no. of degrees of freedom in FE

n, — no. of degrees of freedom per node

(U1

{g}. =< i } — local vector
re X1 Un | of nodal parameters

| \ element coordinate system \U"J
Wn
nodal displacement of node 1 along x axis

global coordinate system




Matrix of shape functions

Nodal approximation:

wi =[N n Olale

3x1 3Xn, nex1

u=Ny-u;+N, -u, + ...+ N, - uy,
v=N;-vy+N,-v,+ ..+ N, v,
w=N;-wy+Ny,-wy, + ...+ N, - W,

(U1

{ate=1 1 ¢

ne X1 un

[N(fﬂ% ()] =10 N; O 0O N, O..
3 XM ] 0 0O Ny O 0 N,




Examples of finite elements

Type n, — number of degrees of freedom in FE
rods >
2,4,6 6
2D
v




Example: shape functions for a finite element representing a strut

U
>
0 [ '3
Uq
§ linear function:
u _
(@e = {,.} u(@) =218 4y

2x1 e

U(§)=u2;u1§+u1=u72§—%5+u1=(1—§)u1 +§u2=

= Ni(©) w + Mo () - uz=INo, Vol i)} = NN

1x2 2x1

shape functions: N;(§)=1 —% ;' N, (§)=§
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Strain components

normal strains:

0
_ (A'Br),—AB _ (dx+u+a—1; dx—u)—dx _ ou
AB dx 0x

Ex

Eyv=— ,; €&
Y oy Z 9z

shear strains:

— 7T —
Vxy= 9 — IB— Vit V2
A'Dr u+a—u dy—u ou ou P
1 - 1 (A,D’)y

= Y Gqu—p 1+2Y 1+e, 0
dy+v+g- dy—v 1455 €y 0¥
UYL !
2 =57 XY~ 9y | ox
dx dy 0x small deformations: &, < 1
_dv dw _ow oJu —
Yv2=5; %y 7 VYexToxTo; ¢ YTV
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Strain tensor. Vector of strain components

strain tensor:

[ & Vay/2Z Vz/2]
€= |Vyx/2 €y Yyz/2
3x%x3

Yox/2  Vzy/2 €z

vector of strain components:

-5 _
Py 0 O
0
(€x ) 0 E 0
&E
el o o 2| )
€=y (=la o ve=[RRut le] = [u][R]
6% 1 xy — — 0 6x3 3x1 1x6 1x3 3x6
Yyz Jdy O0x w T
\Vzx / 0 9 9 - -
0z Oy gradient matrix
2, 2
L0z 0x-




Strain — displacement matrix of a finite element

nodal approximation in a finite element:

{u} =[N 1 Olaqle

3x1 3Xn, nex1

vector of strain components in a finite element:

e} = [Rl{u} = [R][N]{q}e= [Bltqle ; lel = 1qle[B]"

6x1  6x3 3x1 6X3 3xXnm, neX1 6Xn, nex1 1X6  1Xn, nex6

[B] = [R][N] — strain-displacement matrix

6Xn, 6X3 3Xn,
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Stress components

normal stresses: T o,
Ox ; Oy ; Oy
T f ‘2
positive value - tension, negative value - compression a Tyz
T A
shear stress components: -
Oy
Txy 5 Tyz 5 Tazx 5 Tij =Tji Ty [Tyx
Ox

equivalent stresses:

Von Mises stress:

1 2 2
TEQv= |5 ((O‘x — O'y) + (O'y — O'Z) + (0, — O'x)z) + 3(Txy? + Tyz? + T55%)

maximum shear stress

i

Tresca stress: oyt = 01 — 03= 2Tmgx

t ot

the first principal stress  the third principal stress
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Stress tensor. Vector of stress components

stress tensor:

Ox Txy Txz 01 0 0
o=(Tyx Oy Tyz|=|0 o, O
3x3
" lzx Tzy O 0 0 o 3
in coordinate system x, y, z in the principal coordinate system

vector of stress components:

( Ox

{o}= >

6x1 Txy
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Constitutive matrix

linear isotropic material (Hooke's law):

(1+v)(1 2V)

O\I I
O\I—I

SO OcS S

v

o} =[D] {¢}

6x1 6xXx6 6x1

T

constitutive matrix

% %

1-v v
% 1—v
0 0
0 0
0 0

0.5—v
0
0

o O O O

05—v
0

E — Young’s modulus, v — Poisson’s ratio

o O O O O

0.5 — v
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Example: uniaxial tensile test Ox o NG O

—— ; Ey=E,= ¢,

: : 1
elastic strain energy: U = > Ox Ex Ag Ly

> 1 T :
{o}=1[D]{e} - %
6x1 6X6 6X%X1
(Ox ) 1-v v v 0o o0 0o |&
0 v 1-v v 0 0 0 €T
JOL_ _ & v v 1-v o o o |[Jerd
O awma-f g 0 o0 05-v 0o o ||
\ 0 J 0 0 0 0 05-v 0 || 0 J
0 0 0 0 0 0 05-—vpl"0
2nd equation:
= £ +(1—-v)e+ve) - | & = — vey |
(1+v)(1_2v)(v8x F F L F X |
1st equation: T TTTT7=
Oy = (1 —v)e+ve+ve)=———((1 — v)e, — Ve, — v2e,) - |0, = Es,,|
X (1+v)(1-2v) X g L (1—v-2v2) X X X X o




Example: pure shear

I \71ny
Txy 7+ Vxy
Txy
{0} =[D] {¢} «—
6X%X1 6X6 6X1
(0 1—v v v 0 0 o |(0)
0 v 1—v v 0 0 0 0
JOL__ & v v 1-v o o o [|JOU
Txy [ A+v)A-2v)| 9 0 0 05—-v 0 0 Yxy
0 0 0 0 0 05—v O 0
0/ 0 0 0 0 0 05—ypl\0/
4th equation:
E E E

Yy = e a-2v) (0.5 = v)Yxy = 2(1+v)(0.5—v) (0.5 = v)Yxy = 201+ Vv 7

| Ty =G Vyy | G = 21 Kirchof’s modulus (shear modulus)
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Elastic strain energy. Potential energy of loading

boundary I, (u = u,) LINEAR ELASTIC BODY

surface load [p] = [px, Dy> sz
1x3

Z elastic strain energy:
J_. boundary I, ...
7 =t dn
domain 2 boundary I i T2 Qf }fg {6(:1}

mass forces | X]|=|X,Y, Z|]

1x3

displacement vector {u}

S 2 O e

W = [IXKu} d2 + [Ipl{u} dr,

N 1x33x1 Q1x33x1
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Minimum total potential energy principle

total potential energy: V=U —W

The displacement field {u} that represents solution of the problem fulfils
displacement boundary conditons on I;, and minimizes the total potential
energy V.

boundary I;, (u = u,)

surface load |p] = [Px, Py,PzJ
1x3

displacement {u}
3x1

Z
5

mass forces [ X]|=|X,Y, Z] domain 2

1x3

boundary I,

boundary I’
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Elastic strain energy in a finite element. Local stiffness matrix

{q}, - local vector of nodal parameters

ne X1

elastic strain energy in a finite element:

Ue =+ [lel{o} d02e = 1ql. [[BI[D][B] d02, {q}e = lalelkle{ql

0, 1x6 6x1 1Xne 2, Ng X6 6X6 6Xn,

T
/o

T
lel = 1qle[B]"  {e}=[Bl{q}e

1x6 1Xn, ngxX6 6x1 6Xn, nex1

nex1 1Xn, neXng np X1

/

local stiffness matrix:

[k]e = J [BI"[D][Bld2,
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Elastic strain energy in a finite element

local notation:

3

2

n —no. of nodes per FE
n, — no. of nodal parameters per node
no. of degrees of freedom in FE:
Ne =N Ny

{q}. - local vector of nodal parameters

ne X 1

1
Ue = E lglelkleiale

1Xn, ngxXn, ngx1

local stiffness matrix

global notation:
i+n—1

+n—2

l

i +2 ;/?
i+1

NON - no. of nodes
n, — no. of nodal parameters per node

no. of degrees of freedom:
NDOF = NON- n,,

{q} - global vector of nodal parameters
NDOF x 1

1
U, == -

> lql - [kle - {q}

1 X NDOF NDOF x NDOF NDOF x1

extended local stiffness matrix .




Extended local stiffness matrix of a finite element

{q} =1

NDOF x 1

Z

Ui=(q;

(41 )
)

qj

\dNDOF/

NDOF

olo|o 0|0 0
olo|o 0|0 0
olo|o 0|0 0
olo|o|oO 0|0 0
0| O |kyy |kyy Kin,| O 0
0 | 0 |ky |k kzn,| O 0
0 0

0 | O |knyalknyz| o lkngn) O 0
olo|o0|lo|0 0]O 0
0

0olo|o0|lo|0 0]O 0

(assumed ascending order of components)
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Elastic strain energy in a FE model. Global stiffness matrix

=
Il
[
IS
\J
___é___
Il
g
=

¢

NOE —no. of FEs {q} - global vector of nodal parameters
NDOF—- no. of degrees of freedom NDOF x1

elastic strain energy in a finite element model:

NOE NOE NOE
Z Z gl - K - )= la)- Z [z - {q} =
=1 e=1 1 X NDOF NDOF X NDOF NDOF x1 1XNDOF NDOFXNDOF NDOF x 1
== lql - [K] - {q}
1 X NDOF NDOF;NDOF NDOF x 1 :----_-_-_NO-E- _______ :
global stiffness matrix: | [K] = z (k]
| NDOF X NDOF &= i

25




Example: global stiffness matrix of a 2D model with two

3-node triangles

global notation:

NOE =2 (41 (U1
_ q> V1
2[?/;/ =4 qs3 Uy
B P Uy
n, =2 ; (u, v) gil}—<q5>—<u3>
Ne=N-Ny= 6 Je V3
NDOF = NON-n,=8 q7 Uy
\(Jg/ \ VU, J

local notation:

ds de
u
13 P = 2 g ?12 u2
q4 (%) C[3 = v3 \
ds Us * ;
\qs) , \v3/_ s Y4

\q¢/ , \ U,/

26




Example: global stiffness matrix of a 2D model with two
3-node triangles

1~ A7 1
(U1
de (91 (1Y E (21 E
1st FE: I 7 v, o]
y 3 5 | 2 ,
(q}, = CI3> _<u2 > )2 |,
L> q; 66111 qa vy {q} = us (!
X 8x1 1 1
T . ds Us "1 V3 |i
4
1 C[l kq6J1 kv3J1 u4.
N,
—
2 43
i 2 3 4 5 6 7 8
1 2 3 4 5 6 194a; b1 Cq d1 € f1 0 0
1 la;|b;lc;|diler|fs 20b;|g;hy|iz |j1 k|00
2 0b;|g:|hy|iz|J1 |k slcy;|hy;|l; Imgin;lo;| OO
[k] 3 1cqy|hyg|l; mging|o; [k]* 4 |ds|ig mgipg|ry;|s; | 0|0
= ] 1 . —
6><61 4 dy|ig mg\pg|r:|Sq 8x8 50e; | Jj;|ng|rp|t;lu;| 010
5 1eg|ji|ng|rg |ty |u; 6 | f1|ki|o1|s;|us|wy;| 0] O
6 Vf; (kjlo;|s;|Uu;|w; 7 ojo|l0jO0O|]O0O|O0O|O0]|O
8 oOoj]o0o|jO0O|O0O]O|O0O0|O0]O




Example: global stiffness matrix of a 2D model with two
3-node triangles

Je (U1
2nd FE: 94 U1
y NG AN T
2 az () R
L (@l = 1%L _Jual W= [
X 2 = = gx1 |
6 1 4 Vs \: o3
q5 u4~ : u4
1
\qs/ , \Vy/ ' \Vy ).
1 & i 2 3 4 5 6 7 8
1 2 3 4 5 6 1 o|l0|O0O]|]O0|]0O0O]|]0O0O|0O0]|O0
1 8a,|b,|c,|d,y|e,|fs 2 0, 0|]0]0|0]O]|O0]|O
20b,|gz|ha|iz |j2 |k 310 0|0 |a, by|c,|dyle;|fs
31cyhy |1, my|in,|o; " 41000 |by|g,|hyliy|jo|ks
[k], = , [k]3 =
6 %6 4 0dy|i; Imy|py|ra|s; 8x8 50100 |cy|hy|l;, myin,|o0,;
s ezljz|n2|ra2|ty|us 61 0|0 |d,|i; mylpy|ra|s;
6 | f2|ka|o2|S, U W), 70 0|0 |ey |jo|ny|ry |ty Uy
8 0 0 f2 k2 0, |S) Uz Wz
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Example: global stiffness matrix of a 2D model with two

3-node triangles

(U1
(%1
U
[
W=1u,
8x1
U3
Uy
\ V4
2 3 4 5 6 7 8
b, Ci d; € fi 0 0
2 b g1 h I J1 k ; 0 0
3 C1 h li+a, m;+byn;+cyl0,+d, | e, f
4 d; l1 mi+bypi+g,|\ri+hy | s;+i; J2 k ;
K] = [k]1 +[k]5 = . -
8% 8 8% 8 8% 8 5 e; J1 ny+cy,|ri+h, | t;+1l, Uu;+m,| n, 0,
6 fi k; |og+d,|ty+l;, Us+mywi+p,| ) Sp
g 0 0 €> J2 n; rs t) u,
8 0 0 f2 k2 (0)p} S, UZ WZ
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Potential energy of loading in a finite element

n lpJ = lpx» Py, sz

boundary I, .
N —

{q}. - local vector of nodal parameters X]=IX.Y.2]

ne X 1
> 3
potential energy of loading
in a finite element: |
2
We = J1X]{u} d2, + flPJ{u} dlpe leJ {q}e dfde + flpJ {q}e =
. L
{u} = [NHaqle
3x1 3Xn, ngx1
= (JIX1[IN]1dQe + [Ipl[N]dlpe) fq}e = (IF*]e + [FPleHdde = [Fle{ade

equivalent load vector: 1 |Fle = [F¥], + [F?],

1X n, 1X n, 1Xn,

30




Equivalent load vector

lFJe — lFXJe + leJe

1X n, 1X n, 1Xn,

equivalent load vector due to mass forces:

1FX], = [ IX|[N]d0,;=
| lxme B lx33xm
N, 0 O N, O O
=[|x,v,Z][0 N, O O N, O..
Qe I O 0 Nl 0 O Nz

equivalent load vector due to surface load:

FP], = [ Lp)[N]de =

11X mn, e 1X3 3><n |

0032
O=ZO

I:2 o OI

31




Potential energy of loading in a finite element

local notation:

3

2

n —no. of nodes per FE
n, — no. of nodal parameters per node
no. of degrees of freedom in FE:
Ne =N+ Ny
{q}. - local vector of nodal parameters

ne X 1

We = lqlelF}e

1xXn, ny,x1

equivalent load vector

global notation:
i +n-—1

j+n—2

i +2 /
i+1

NON - no. of nodes
n, — no. of nodal parameters per node

no. of degrees of freedom:
NDOF = NON- n,,

{q} - global vector of nodal parameters
NDOF x 1

We =lql - {Fle

1 X NDOF NDOF x 1

extended equivalent load vector 2




Extended equivalent load vector in a finite element

extended equivalent load vector:

(0

{Fle= ({Feep J+1
NDOF x 1
Fn e jt+n.—1

0 J+n
( Fie )
F,, .\ 0/ NDOF
F3e |
equivalent load vector:  {F}, ={ - > (jfs's;‘rrgggrf‘;gtesdmg order

ne X1 F(ne—Z)e
F(ne—l)e
\ Fnee ),

33




Forces applied directly on nodes. Potential energy of nodal loads

nodal load vector:

{F}" = e

NDOF x 1

W™ =lq|-(F}"

1 X NDOF NDOF x 1

potential energy of nodal loads:

35




Potential energy of loading in a FE model. Global load vector

potential energy of element loads:

Q=293—> Ewe:zwei
e=1 : e=1 :
0, NOE —no. of FEs Lo mm e mm el mm o
NDOF - no. of degrees of freedom
potential energy of loading in a finite element model: W =we+wn:

NOE NOE NOE

W= Z W, + W" = ;qu CFY +1q) - (FY" =gl (eZl{F}z + {(FY

1 X NDOF NDOF x1 1xNDOF NDOF x1 1XxNDOF NDOF x 1 NDOF x 1

=lql-{F}¥+{F}") - W=l|q]- {F}

1 X NDOF NDOF x 1 NDOF x 1 1 X NDOF NDOF x 1

glObal load VeCtor NDOF x1 NDOF x 1 NDOF x 1
of element loads e s

1 .
T slobal load vector: | {F} = {F}¢ + {F}"




Total potential energy in a FE model. Set of linear equations

Total potential energy of the entire model:

v=U-w=2 - lg - [K] - {g} - lal - {F}

1 X NDOF NDOF x NDOF NDOF x1 1XxNDOF NDOF x1

{q}="7
NOE - no. of FEs NDOF x 1 V' = min
NDOF - no. of degrees of freedom

_______________________

v | :
50 =0~ Kl - {g} = {F}
J | NDOF x NDOF NDOF x1 NDOF x 1 |

set of linear algebraic equations

det ([K])= 0

NDOF x NDOF
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Set of FE equations with boundary conditions

The displacement field {u} that represents solution of the problem fulfils
displacement boundary conditons on [;, and minimizes the total potential
energy V.

boundary I}, (u = u,) NOF - no. of known degrees of freedom on I},

N—number of unknown degrees of freedom:

N = NDOF-NOF

Z

Kl - [K] ; {q} — {q} ; {F} = {F}

I NDOF X NDOF N XN NDOF %X 1 N x1 NDOF x 1 Nx1
A
NDOF - no. of degrees of freedom ! K]-{q} = {F} : det ( [K])+# 0
: NXN Nx1 Nx1 ! N x N

linear set of algebraic equations with boundary conditions
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Example. Boundary conditions for 2D problem. FE model with two

3-node triangles

1 2 3 y 5 6 7 8

1 a; b, C; d; e f1 0 0 (ul — O\ fFl\
2 b, g1 h; I'1 J1 k1 0 0 U1 = 0 Fz
3 C, h, |l;+a, m;+b,ln;+c,|o;+d,| e, fs U F3

4 d; iz |Mmg+bylps+ga|ri+hy | si+isz | Jja k> Uy = 0 _ F4-
s | ey ji |(nitcy|ri+th, | ti+l, us+my| n, 0, < Us = F5 >
s | £ ky |o;+d, | ty+l, U +mywi+p,| 1y S5 VU3 F6
7 0 0 e, jo n, r t, u, u4 F7
8 0 0 f> k, 0, S, u, w, k U4 J \FBJ
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Example. Boundary conditions for 2D problem. FE model with two
3-node triangles

K] - {q} = {F}

8x8 8x1 8x1

40




Example. Boundary conditions for 2D problem. FE model with two
3-node triangles

€,

f2 0, S2 u, W, L1¥4J LFSJ

linear set of algebraic equations with boundary conditions




Solution of a set of FE equations with boundary conditions

[K]1-{q} = {F} - det ([K])=0 - {q} = [K]7*{F}

NxN Nx1 Nx1 N XN N x1 N XN Nx1

DOF solution: {q}

NDOF x 1

Element solution (ES): {e}=[BHa}e : {o}=I[D]{e}=[D][B]{q}e

6x1 6xXne nex1 6x1 6x6 6x1 6X6 6XMn, ngx1
t t
strain in a finite element stress in a finite element
C T T T T T T T
Nodal solution (NS): ' (NS). = Yez1(ES)ei !
! ( )i_ K !

(NS); — avaraged nodal solution at node (i)
(ES).; — element solution in element (e) and at node (i)

k — no. of elements adjacent to node (i)
42




Example. Reactions calculation for 2D problem. FE model with two
3-node triangles

F, K] - {q} = {F)
y F F 8x8 8x1 8x1
EZV? >
3 5= 4 known I:I-|:|=F1

a1'0+b1'0+C1'Uz+d1'0+€1'U3+f1'v3+O'U4+O'v4:Fl

I:l-|:|=F2 ; -|:|=F4

2
1 2 3 a 5 6 7 8

1 a; b, € d; e, fi 0 0 (lizl — U\ fFl\
|| by, | a1 | hy i J1 k 0 0 vy =0 Fy
3 o hy |l;+a, | m;+b,n;+c,|0;+d,| e, f Up F3

« | d; i; mi+bypitgs|rith,|si+is | jo k , Uy = 0 _ F4

s | ey ji |(nitcy|ri+th, | ti+l, us+my| n, 0, < Us = F5 >
s | fi k,; |o.+d,|ti+l, [U+mylwitp,| 1) S5 VU3 F6
7 0 0 e, jo n, r t, u, u4 F7
8 0 0 f2 k , 0, S, u, W, \ Uy ) \ng
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Example. DOF solution u(x,y) for 2D problem. FE model with 4-node
quadrilateral elements

w;i = [N]iqj.

2x1 2x8 8x1

u,(x,y) — displacement in x direction

(41
q>
q3
q4
ds
de
q7

\qg / e

nodal displacementin x direction
44




Example. Strain component 83,(X,V) for 2D problem. FE model with
4-node quadrilateral elements

Element solution: Nodal solution:
Ey(x, y)
&y, (%Y) 3(47) |< y . k
ok ) X ‘

€
Yi 4
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